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Abstract. We describe the integral equivariant cohomology ring of a weighted 
projective space in terms of piecewise polynomials, and thence by generators 
and relations. We deduce that the ring is a perfect invariant, and prove a 
Chern class formula for weighted projective bundles. 



1. Introduction 

Let X ~ (xo, ■ • ■ ,Xn) be a vector of positive natural numbers. The associated 
weighted projective space is the quotient 

(1.1) P(x)-52"+V^'(xo,...,Xn), 

where the numbers Xi indicate the weights with which acts on the unit sphere 
g2n+i c C"+\ by 

(1.2) g- {xq,..., Xn) = {g^°xo, g^'^Xn)- 

So P(l, . . . , 1) is the standard projective space CP". Note that P(x) is equipped 
with an action of the n-dimensional torus 

(1.3) T^{S'r+'/S\xo,---,Xn), 

where the quotient is defined by analogy with (jl.ip . We give an explicit example of 
such an action in (|4.ip . for n = 3. Different weight vectors may also give equivalent 
weighted projective spaces; we will elaborate on this aspect in Section [5] 

Kawasaki [Kw| has computed the ordinary cohomology ring of P(x) with integer 
coefficients. Additively, the cohomology is isomorphic to that of CP", but the 
multiplication is different. More precisely, if ci is a generator of the group ff^(P(x)), 
then H*{¥{x)) is generated as a ring by elements c™, where 1 < m < n and 

n A) ^™ - lcm(xo,...,Xn)"' 

^ ^ ^ ' -lcm{n.e7X.:|^l=™} " 

in iJ^™(P(x)). The multiplication is induced accordingly. 

In this note we study H^(¥{x)), the T-equivariant cohomology of P(x) with 
integer coefficients; it is defined as the ordinary cohomology iJ*(P(x)T) of the 
Borel construction P(x)t = ET XtP(x)- Our main result. Theorem 13. 71 describes 
iJp(P(x)) in terms of generators and relations. 

We give two applications. Firstly, we show how to recover the weight vector x 
from iJy(P(x)), thereby establishing that different weighted projective spaces have 
different integral equivariant cohomology rings. Secondly, we consider weighted 
projective bundles. For any direct sum D — Li (B ■ ■ ■ (B Ln of complex line bundles 
over a base space X, the cohomology ring H*(F{D)) of the projectivisation is a 
module over H*{X). Its algebra structure is determined by the single relation 

n 

(1.5) J{{^ + c,{U))^Q, 

i=0 
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where ci(Li) S H^{X) and — ^ S H^(P{D)) denote the Chern classes of Li and 
of the canonical complex line bundle respectively. Al Amrani AJ has stated a 
generalisation of (|1.5|) to weighted projective bundles and proved it in a special 
case. Theorem 16.21 establishes his relation in general. 

We consider our calculations as lying in the realm of toric topology, and will elab- 
orate on this theme in a subsequent document. Readers who require background 
information on equivariant topology may consult |APj , or the survey articles in [M] . 

Acknowledgements. The first author thanks Rider University for the award of Re- 
search Leave. All three authors are grateful to the Manchester Institute of Math- 
ematical Sciences (MIMS) for ongoing support that has helped to sustain their 
collaboration. 

2. From equivariant cohomology to piecewise polynomials 

By a ring we always mean a graded commutative ring with unit element. All 
rings we consider happen to be concentrated in even degrees, so that they are 
commutative in the ordinary sense. 

Remark 2.1. There are several ways to describe the divisibility of the powers 
in H*{P{x))- Kawasaki looks at the p-contents of the weights for each prime p 
separately. If qo{p), . . . , qn{p) are their p-contents, in increasing order, then 

qnipr 



(2.1) cT = n 



(p) 

Kawasaki also considers sets / of size m + 1 instead of m and writes 

(0 2) r™ = lcm(xo,...,X«)" 

' lcm{ gcd{x. n.e/ X. : |/| = m +1 } " 

[Kw) p. 248], as does Al Amrani [X[ Sec. 1.5]. Taking products oi m+l weights and 
dividing by their greatest common divisor, as in the denominator of ()2.2|) . removes 
the smallest p-content for each prime p. Computing the least common multiple over 
all such terms then gives the product of the m largest p-contents of all weights, in 
accordance with the denominators of p.4p and ()2.ip . 

Now let l: P(x) — > ^{x)t be the inclusion of a fibre into the Borel construction. 

Lemma 2.2. As an H*(BT) -module, H^{¥{x)) is free of rank n + 1; as a ring, 
it is generated by the image of H^{BT) in H^{¥{x))' together with any subgroup 
A* < i7^(P(x)) that surjects onto H>"(F{x)) under l* . 

Proof. By Kawasaki, iJ*(P(x)) is free over Z and concentrated in even degrees. So 
the Serre spectral sequence of the fibration P(x) ^ P(x)t ^ BT degenerates at the 
E2 level, and i?*(P(x)) is isomorphic as iJ*(Sr)-modules to H*{F{x)) (E> H*{BT) 
by the Leray-Hirsch theorem. The isomorphism is induced by any additive section 
to t* , which we may assume takes values in A* . This proves the claim. □ 

The equivariant cohomology of CP" is well-known, and may be described conve- 
niently in the context of toric varieties. Indeed, P(x) is an n-dimensional projective 
toric variety for every Xj and may be constructed from any complete simplicial 
fan E whose rays vq, . . . , Vn ^ N — Z"" span N, and satisfy the relation 

(2.3) XoVq H h XnVn = 0. 

Every such E is the normal fan of a lattice n-simplex in TV K, and is polytopal; 
we refer to Fulton [Fu) §2.2], or the nice overview in jKs) §4.1], for a full discussion. 
In particular, ify(CP") is isomorphic to the integral Stanley-Reisner algebra 

(2.4) Z[E] =Z[ao,...,a„]/(ao---a„) 
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of the appropriate E, where each generator corresponds to Vi , and has degree 2. 
In other words, the only relation amongst the generators is 

n 

(2.5) n"'=o- 

1=0 

The situation for singular varieties is less straightforward, and the P(x) offer a 
natural family of test cases. Our aim is to generahse (|2.4p . and express H^{F{x)) in 
terms of generators and relations for arbitrary x- We use the language of piecewise 
polynomials, to which we now turn. 

A function f : N T, in called piecewise •polynomial on E if it coincides with 
some globally defined polynomial g G Z[A^] on each cone a. Such functions are 
closed under pointwise addition and multiplication, and form an algebra PP [E] 
over the ring of global polynomials Z[iV]. We grade both PP[E] and Z[A^] by twice 
the degree of homogeneous elements, and use the Chern classes of the n canonical 
line bundles to identify Z[A^] with H*{BT). 

Proposition 2.3. Let T, be a polytopal fan in N , and Xy: the associated compact 
projective toric variety: if H*{Xy) is concentrated in even degrees, then H^{X-^) 
is isomorphic to PP[E] as an algebra over H*(BT). 

Proof. Set X = X^, and denote the orbit space by X/T. The latter may be 
identified with a convex polytope Ps, whose normal fan is E. Following Goresky 
and MacPherson [GPj . we deduce that X is homeomorphic to a quotient space 
of T X Ps , and may therefore be expressed as a finite T-CW complex [M] with con- 
nected isotropy groups. As in the proof of Lemma [^2 the Serre spectral sequence 
for the fibration X Xt BT degenerates at the E2 level because H*{X) is 
concentrated in even degrees. Hence, by a result of Franz-Puppe [FPj . the Chang- 
Skjelbred sequence 

(2.6) ^ H^{X) ^ H^{X^) H*^+\Xi,X^) 

is exact for integral coefficients. Here X^ denotes the T-fixed points, Xi the union 
of X'^ and all 1-dimensional orbits, j the inclusion X'^ X and 5 the differential 
of the long exact cohomology sequence for the pair [Xi, X'^). We may identify the 
kernel of 5 with the algebra PP[E], as follows. 

Write Oct for the orbit under the complexification Tc of T corresponding to the 
cone cr £ E, and Z[o'] for the polynomials with integer coefficients on the linear hull 
of a. Any such polynomial is uniquely determined by its restriction to a. 

When cr is n-dimcnsional, we have that 

(2.7) H^{Oa) = H*{BT) = Z[ct]. 

For (71 — l)-dimensional r, we denote the isotropy group of Or by Tr- Then the 
action of the circle T/Tr on the closure Or is isomorphic to the standard action 
of on CP , whose fixed points we write as and 00. We obtain 

(2.8) H:^{dr,dOr) = H*{BTr) H^/T^iOr,dOr) 

and 

(2.9) H:^/j,^{6r,dOr) = i?5i(CP\{0,oo}) ^ Z[+l]; 
hence 

(2.10) H; + \dr,dOr)^Z[T]. 

Moreover, whenever t C cr is a facet, the differential 

(2.11) H^{0„) — > H*+\Or,dOr) 
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is the canonical restriction Z[cr] — + Z[t], multiplied by ±1 according to the orienta- 
tion of the interval Or/T k, (0, oo). 

It follows that the differential 5 of (|2.6p is a signed sum of restrictions 

(2.12) 6: 0ZH^ Z[r] 

o-eS" TeE"-i 

of sums of polynomial algebras, whose component into Z[t] is the difference of 
the restrictions of the polynomials on the two n-dimensional cones having r as 
their common facet. So the kernel consists of those collections of polynomials on n- 
dimensional cones which may be glued along their common facets. This corresponds 
to the requirement that the polynomials agree on any intersection r = a C\ a' , 
because a and a' are connected by a sequence of n-dimensional cones, each of which 
contains t and shares a facet with the next. (In other words, S is a hereditary fan 
|BRj .) Thus 5 has kernel PP[a\, as required. 

Finally, let / be the piecewise polynomial corresponding to a class a G H^{X). 
By construction, the polynomial coinciding with / on an n-dimensional cone a is 
the image of a under the restriction 

(2.13) Ht{X) H^iOa) = H*{BT) ^ Z[N]. 

Since the composition H*{BT) ffy(X) ^ H:^{Oa) = H*{BT) is the identity, it 
follows that the map H*{BT) H^{X) corresponds to the inclusion of the algebra 
of global polynomials. □ 

Remark 2.4. The integral equivariant cohomology of any smooth, not necessarily 
compact toric variety X-^ is given by the Stanley-Reisner algebra Z[S] |BDPj . |DJ| : 
or equivalently, by PP[T,] [Brj . A canonical isomorphism between the two is defined 
by assigning the Courant function Op of the ray p to the Stanley-Reisner generator 
corresponding to p. The function Up is piecewise linear on S, and assumes the 
value 1 on the generator of p and on all other rays. It is well-defined because the 
smoothness of implies that the rays of any cone may be completed to a basis 
of the lattice N. Brion was probably the first to note the relationship between 
piecewise polynomials and the Chang-Skjelbred sequence. 

Similarly, when E is simplicial the rational equivariant cohomology H^{X-s;Q) 
is the Stanley-Reisner algebra or equivalently, PP[E] (g) Q p. 107]. In 

particular, there is an isomorphism 

(2.14) H*inx);Q) - Q[ao, . . . , a„]/(ao ■ ■ • a™)- 

Payne has shown that PP[T,] is isomorphic to the equivariant Chow ring 
of Xs, for any fan E. Further developments are documented in [KPj . Proposi- 
tion 12.31 is also valid for more general fans, but we have been unable to locate a 
reference identifying Xy: as a T-CW complex; so we proceed by assuming appro- 
priate cohomological finiteness conditions, following TT"^ Remark 1.4]. 

3. Generators of the ring of piecewise polynomials 

For i — 0, . . . , n we will write G E for the full-dimensional cone spanned 
by all rays except Vi. This cone is simplicial and full-dimensional because the 
set {vj : j ^ i} is a. basis of the Q- vector space N ®z Q for each i. Moreover, given 
a piecewise polynomial /, we will denote the unique polynomial which coincides 
with / on Gi by /«. We call a piecewise polynomial reduced if it is not divisible 
in PP\Tj\ by any rational prime. 

Let bij, where j j, be the reduced linear function that assumes a positive value 
on Vi and vanishes on all Vk, for i ^ k ^ j. 



THE EQUIVARIANT COHOMOLOGY OF WEIGHTED PROJECTIVE SPACE 



5 



Lemma 3.1. We have that 

Proof. Applying bij to the relation (12. 3p yields 
(3-2) Xt bij{vi) = -X] hj{vj). 

Since bij is reduced and Vi and Vj span N/keibij = Z, the values bij{vi) and bij{vj) 
must be coprime. This implies the claimed formula. □ 

Proposition 3.2. The bij generate N"^ , the lattice dual to N. 

Proof. Multiplying all weights by a constant factor changes neither the fan E nor 
the functions bij , so we may assume that the greatest common divisor of the weights 
equals 1. For given j, let Nj be the span of the linearly independent set Vj = {vi : 
i j} and Nj its dual. By Lemma [XT], the restriction of each bij with i ^ j to Nj 
is divisible by a divisor of Xj j and the quotient is an element of the basis dual to Vj . 

Let Mj < N'^ denote the sublattice generated by those bij for which i ^ j. Our 
goal is then to show that M = N'^ , where M is generated by the Mj . 

We have that 

(3.3) iV//iV^ - (N^/Mj) I {N^'lMj). 

Therefore, the order oi N'^/Mj divides that of Nj/Mj, which itself divides x" from 
above. Hence, the order of N^/Mj also divides x^'i and the same applies to N^/M 
because 

(3.4) iV7M = (iV7M,) / (M/M,). 

This implies that the order of N'^ /M divides the greatest common divisor of all x" , 
which we assumed to be 1. □ 

Let Oi denote the Courant function corresponding to Vi, for < z < n. By this 
we mean the reduced piecewise linear function that assumes a positive value on Vi 
and vanishes on all Vj for j ^ i. Each aj is simplicial, so Oi is well-defined. 

Lemma 3.3. Together with the linear functions, each ai generates the piecewise 
linear functions in PP[E\. 

Proof. Let / be piecewise linear. Then / — /*^*) vanishes on ai, and is therefore a 
multiple of fli. □ 



Lemma 3.4. We have that 

/q / \ lcm(xo, ■ . . ,Xn) , 0) lcni(xo, ■ ■ ■ ,Any , 

(3.5) «.(..) = and a, ^ lem(x.X.) ''^ 

in PP[J1\, for all i ^ j ■ 



Proof. By Lemma l3. II we can define a piecewise linear function / on E by setting 
= 0, and /(-J) equal to the given formula for j ^ i. Now let Xfc be a weight 
with maximal p-content, for some prime p. If fc = i, then p cannot divide for 
any j ^ fc; and \ik ^ i, then p cannot divide So / is reduced, and f = ai. □ 

Lemma 3.5. In PP[S], the relation 

roR\ L lcm(x»,Xj) f ^ 

^'■'^ '-^lcm(xo,...,X«) ^"^-"^'^ 

holds for all i j . 
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Proof. By Lemma [3.41 we have that 



,0") _ _ lcm(xo, . . . ,X 

lcni(xi,Xj 



and a[*^ = — a^^' = 0; so (a^ — aj)^*^ = ap' = (a^ — aj)^^\ Furthermore, by 
Lemma 13.31 — aj may be written as niak + J' for some integer m and linear 
function r. But every restricts to distinct hnear functions on maximal cones di 
and Uj, so m = 0. Hence — is linear, and divisible as claimed. □ 

We now consider higher-degree analogues of the Courant functions Oj. 

Lemma 3.6. For any nonempty subset I C {0,...,n}, the function Hie/ '^i 
divisible by 

/oo^ T-T lcm(xo,...,x«) 

^ ■ ' lilcm{x.,X,:j^/} 

m PP[Y.]. 

Proof. We look at each prime p separately. If the maximal p-content occurs in Xj 
for some j ^ /, then there is nothing to prove because the p-content of (13. 8|) is 1. 
We can therefore assume that it occurs in Xk for some k £ I. 

Choose an i G / and denote the p-contents of Xi and Xk by qi and qk respectively. 
Then all ap'' with j ^ I are divisible by qk/q-i, which is greater than or equal to the 
p-content of 

^gg^ lcm(xo, • ■ • ,Xn) 



lcm{x»,Xi -j^I}' 

Taking the product over alH G / finishes the proof. □ 



Hence, for / C {0, . . . , n} we may define the piecewise polynomial 
in the 2|/|-dimensional component of PP[E]. 

Theorem 3.7. The ring H^{P{x)) is generated by the functions ai and bij, where 
1 < |/| < cind i ^ j respectively. The only relations are i2.5\) . US. 6]) and I13.10\) . 

Proof. From (|2.14p . H^{P{x); Q) is generated by the Oi subject only to the relation 
(^3]) . The relations ((TB)) and (PTTU)) show that the aj with |/| > 1 and the bij 
are redundant over Q, so adding these generators and relations gives an isomorphic 
ring. Since there are no more relations between the a/ and bij in H^{V{x);Q), the 
same is true in H^(F{x))', for the latter is free over Z, and injects into iJ^(P(x); Q). 
It remains to show that these elements are ring generators. 

By Proposition 13.21 the bij generate the linear functions, which are the image 
of H'^ (BT) in H^(P{x))- Hence, by Lemma lT^ it suffices to show that the subgroup 
generated by the aj surjects onto H*{¥{x)). In other words, we have to show that 
Cm lies in the span of {t*(a/) : |/| = m} for each 1 < m < n. 

For m = 1, this is true by Lemma 13.31 because we know l* itself to be surjective. 
Moreover, Lemma 13.51 implies that all elements are mapped to the same element 
of H^{P{x)). This must necessarily be a generator, which we may assume to be ci. 
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For 1 < m < n, we obtain 

lcni(xo, • • • ,Xn) 



(3.11b) =(n 



lei 

-1 



) lcm{xj,Xj : j ^ /} 

3.11c) =- — Sr^pf -Cm by {L3). 

IcmirijgjXj : |J| = m} 

We must show that these multiples of c™ generate _ff^™(P(x)). Once more, we 
consider each prime p separately, and let / be the set of indices (which need not 
be unique) that correspond to m weights with greatest p-content. Since this is also 
the set J which maximises the p-content of the denominator of p.llcp . we conclude 
that for eachp there appears a multiple of €,„ whose p-content is 1. In other words, 
the greatest common divisor of all multiples is 1, as required. □ 

4. An example 

We illustrate the results of the preceding section in the case x = (1;2,3,4), 
which confirms that the elements bij cannot be omitted from the statement of 
Theorem O 

We choose vq = (-2,-3,-4), vi = (1,0,0), V2 = (0,1,0), and V3 = (0,0,1). 
So isomorphisms (S'i)'*/5i(l, 2, 3, 4) ^ (S^)^ identifying the torus T of dO]) are 
induced by (^0,^1,^2,^3) ^ (V^*i' ^(7^^2, "^ia) and (^1,^2,^3) i-> (1,ui,U2,M3) 
respectively, and its action on P(l,2,3,4) is equivalent to that of (5^)"^, given by 

(4.1) ('Ui,M2,U3) • [xa,Xi,X2,X3] = [xo,UiXi,U2X2,U3X3] 

on homogeneous coordinates. 

Writing an element / of /'P[E] sls f — (/'"\ /'^\ /''^\ /^'^•'), and the canonical 
basis of as {x,y,z), we deduce 

(4.2a) flo (0, -6x, -4y,-3z), 

(4.2b) ai = (6a;,0,62;-4y,6x-3z), 

(4.2c) 02 = (4y,-6x + 4y,0,4y-3z), 

(4.2d) 03 = (3z,-6a; + 3z,-4y + 3z,0). 

Each tti is reduced, although individual components may have non-trivial divi- 
sors. The situation changes for products Oie/ because components ap'' with j S 
I are multiplied by 0; this is the essence of Lemma [3.61 Since lcm{l,2,3,4} = 12, 
we obtain 

(4.3a) aoi = aoai, ao2 = aoa2/3, aos = aoa3/2, 

(4.3b) ai2 = aia2/3, 013 = aia3/4, a23 = 0203/6, 

(4.3c) aoi2 = 000102/9, 0013 = 00O1O3/8, 

(4.3d) 0023 = 00O2O3/36, 0123 = 01O2O3/72. 

Any globally linear function obtained from the o,; is a linear combination of 

(4.4a) oi — oo = 6a;, 02 — oo = 4y, 03 — oo = 3z, 

(4.4b) 02 — oi = 4?/ — 6a;, 03 — oi = 3z — 6a;, 03 — 02 = 3z — Ay, 

by Proposition 13.21 and Lemma 13.51 The functions &10 ~ x, 620 — V and 630 — z 
are obviously not in the span of the o^. On the other hand, given a;, y and z, the 
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remaining bij are redundant, as are most of the a/. In fact we may write 
(4.5) -ff^(P(l,2,3,4)) = Z[a;, y,2;, as, 023,0123] /(aoaia2a3) 

by Lemma [221 subject to the relations above. But we know of no canonical choice 
for a minimal set of generators. 

For examples in which Xi ^ 1 for any i, the construction of a fan E and an explicit 
T-action on P(x) is more difficult, and amounts to completing x/ gcd(xo, • ■ • , Xn) 
to a lattice basis. Further details may be found in [Ksi §4.2]. 

5. Recovering the weights 

It is clear from the definition that P(x) does not change if all weights are 
multiplied by the same factor. In particular, we may always divide the weights 
by their greatest common divisor, as in the proof of Proposition 13.21 Moreover, 
if every weight except Xi is divisible by some prime p, then P(x) is equivariantly 
isomorphic to P(x'), where x' = (xo/p, ■ • -^Xi-i/p, Xi, Xi+i/P, ■ ■ ■,Xn/p) [H]- This 
may be seen from the toric viewpoint: for (|2.3p implies that Vi is also divisible by p, 
and continues to hold when Vi and x a-re replaced by Vi/p and x' respectively. So 
the fan E is unchanged, and the corresponding toric varieties are isomorphic. 

By repeating these simplifications, we can always ensure that two or more weights 
are not divisible by p, for each prime p. The resulting weight vector is uniquely 
defined by x (up to order), and the corresponding weights are called normalised. 

Theorem 5.1. The graded ring H^{V{x)) determines the normalised weights. 

Proof. The length n+1 of x is given by the rank of the free abelian group H^{P{x)). 
So we may interpret H^{F{x)) as a ring of piecewise polynomials PP[S\, where E 
has cones ai and Courant functions a^, for < i < n. 

According to relation (|2.5p . we may choose piecewise linear functions /o, . . . , /n 
in if|,(P(x)) that are reduced, non-zero, and satisfy /o ■ • • /« = 0. On each cone aj, 
some fi must therefore vanish; but it cannot vanish on ak for any other k ^ j, 
or else it would also vanish on every ray of E and be identically zero. Because 
fi is reduced, it follows that fi — ±aj. So we may assume that fi — ±ai for 
every < z < n, by permuting the cones as necessary. 

Given any i ^ j, we may now read off the p-content of — Oj from the 
functions /i, as follows. Since fi = ia^ and fj = ioj, we know that qij is the 
p-content of either fi — fj or fi + fj; in fact it is the larger of the two (and the 
smaller is the p-content of + Oj). This is because aj restricts to on dj , whence 
{ui — Oj)^^^ = {ai + aj)^^\ But Oi — aj is globally linear by Lemma 13.51 so its p- 
content is unaltered by restriction to aj , whereas that of Oi + Oj may increase. 

Appealing to Lemma 13.51 once more, we find that lcm(xo, ■ • ■ , Xn) / lcm(xi, Xj) 
has p-content qij. Moreover, there exist integers j and k for which lcm(xj-,Xfe) 
is not divisible by p, since the weights are normalised. So for i ^ j or k, the p- 
content of Xi is precisely Qjk / Qik , and the weights are completely determined up to 
order. □ 

Remark 5.2. The analogue of Theorem 15.11 is false for ordinary cohoniology, be- 
cause the divisibility rule (|1.4p does not take into account the relationship between 
the distribution of the p-contents of the weights for different primes p. For example, 
the graded rings H*{P{1, 2, 3)) and _ff*(P(l, 1, 6)) are isomorphic, since cf — 6c2 in 
both cases. However, P(l, 2, 3) and P(l, 1, 6) cannot be homeomorphic, because the 
former has two singular points, and the latter only one; nevertheless, they are both 
homotopy equivalent to the 2-cell complex S"^ U^r] e'^, where 77 generates 7r3(S'^) = Z. 
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From the toric viewpoint, both quotient spaces P(l, 2, 3)/T and P(l, 1, 6)/T may 
be identified with the 2-simplex. On the other hand, it foUows from Theorem 15. II 
that the corresponding homotopy quotients cannot even be homotopy equivalent. 

6. Weighted projective bundles 

Suppose given complex line bundles Li over a base space X for < i < n, and 
denote their direct sum by = Lq © ■ ■ ■ © ^n- The torus T' = (5^)"+^ acts on D, 
and on the corresponding sphere bundle S{D), in canonical fashion. The associated 
weighted projective bundle over X has fibre P(x): and total space the quotient 

(6.1) P{D,x)^S{D)/S'{xo,...,Xn). 

The universal example is given by E — ET' Xt' C"+^ over BT'. The reasoning of 
Lemma O shows that H*{¥{E, x)) is a free iJ*(BT')-module of rank n + 1, and the 
naturality of the Serre spectral sequence implies the same result for arbitrary D. 

If all weights are equal to 1, then P{D,x) is an ordinary projective bundle, 
and H*{F{D,x)) is generated by the Chern classes ci(Li) and — ^, subject only to 
the relation (jl.Sp . In O Ch.III], Al Amrani generalised (jl.Sp to those weighted 
projective bundles whose Xi form a divisor chain. In all such cases, he proved that 

(6.2) n(e+ ^'^'"^^"---'^"^ i(i..))-o 

for a certain ^ e i/^(P(L), %)), which restricts to ci G i/^(P(x)) on fibres. By natu- 
rality, it suffices to verify ()6.2|) for the universal case; in other words, in H^,{P{x)), 
where T' acts on P(x) via the projection 

(6.3) r ^T = T'/S\xo,...,Xn). 

We may profitably describe H^i{¥{x)) in terms of piecewise polynomials, as 
follows. 

Let tt: N' = Z"+^ ^ be the epimorphism defined on canonical basis vectors 
by 7r(ei) = w^, for < i < n. Its kernel is the subgroup generated by Xa^a + ■ • • + 
XnCn; which wc abbreviate to u. The pull-back S' — {n^^^a) : G S} of S is a 
generalised fan |Brj because every cone contains the line through u, and vr induces 
a monomorphism tt* : PP[E] — » PP[S'] of piecewise polynomial rings. 

Lemma 6.1. As H*{BT')- algebras, iJ^, (P(x)) is naturally isomorphic to PP[Ti']; 
furthermore, the projection T' T induces the homomorphism tt* : iJ^(P(x)) 

H*T'{nx))- 

Proof. On cohomology rings we have the natural monomorphism 

(6.4) H*T{nx)) ^ i^T'(P(x)) = mnx)) ® H*{BS^), 

because T' splits as T x 5*^, where is the kernel of (|6.3p and acts trivially 
onP(x). Sothefreenessofi?|,(P(x)) ovei H*{BT) implies the freeness of iJ^, (P(x)) 
over H*{BT'). Moreover, every isotropy subgroup of the T'-action is connected. 

We can therefore imitate the reasoning of Proposition 12.31 For cones a' G E' 
that have k = codimcr' < 1 (and in fact for all cones tr'), we have that 

(6.5) H;+\d^,,dO^,)^Z[a'l 

and the boundary map in cohomology corresponds to the restriction of polynomials 
up to sign. Hence the integral Chang-Skjelbred sequence is exact, which in turn 
identifies 7J-^,(P(x)) with 

Since for all cr G E and a' — TT^^{a) the map 

(6.6) H^{0^,dO^) ^ H^,{d^,,dO^,) 
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corresponds to the pull-back of functions by tt, the same applies to the restriction 
of equi variant cohomology from T to T' . □ 

Because no cone of E' contains every e^, we can define ^ as the piecewise linear 
function on N' which takes the values £,{u) = — lcm(xoj ■ ■ ■ , Xn), and ^(e^) — for 
all < i < n. Equivalently, 

(6.7) ^(.)^^lcm(xo,...,X»)^^ 

Xi 

for all i, where (xi) denotes the basis dual to (e^) for N'. 

Theorem 6.2. As an element of H^,(V{x))j the cohomology class ^ restricts to ci 
in H'^(F{x)) o.'f^d, satisfies equation h6.2\) . 

Proof. As elements of PP[E'], we have that 

(6.8a) ;r*(aO(^) = ' ' ' ' ^"^ - ^^^ix., ■ ■ ■ ,Xn) 

Xi X, 
(6.8b) ^ lcm(xo,...,X») ^^^^o-)^ 

Xz 

because the right-hand side vanishes on u and assumes the value ai{vk) on e^, for 
all k. Since ^ differs from tt* (a^) by a linear function, it restricts to the same element 
in i?^(P(x)) as 7r*(ai) and a^, namely ci. Identifying ci(Li) with Xi, we conclude 
that equation (|6.2p is nothing but the pull-back of relation ()2.5p . □ 

No other relation is required to describe iJ*(P(£',x)) rationally, nor therefore 
integrally. 

References 

[A] A. Al Amrani, Cohomological study of weighted projective spaces, pp. 1-52 in: S. Sertoz 
(ed.), Algebraic geometry (Ankara 1995), Lect. Notes Pure Appl. Math. 193, Dekker, New 
York 1997 

[AP] C. AUday, V. Puppe, Cohomological methods in transformation groups, Cambridge Univ. 
Press, Cambridge 1993 

[BDP] E. Bifet, C. DeConcini, C. Procesi, Cohomology of regular embeddings. Adv. Math. 82 
(1990), 1-34 

[BR] L. J. Billera, L. L. Rose, Modules of piecewise polynomials and their freeness. Math. Z. 209 
(1992), 485-497 

[Br] M. Brion. Piecewise polynomial functions, convex polytopes and enumerative geometry, 
pp. 25-44 in: P. Pragacz (ed.). Parameter spaces, Banach Cent. Publ. 36, Warszawa 1996 

[DJ] M. W. Davis, T. Januszkiewicz, Convex polytopes, Coxeter orbifolds and torus actions, 
Duke Math. J. 62 (1991), 417-451 

[D] I. Dolgachev, Weighted projective varieties, pp. 25-44 in: Group actions and vector fields 
(Vancouver BC, 1981), LNM 956, Springer 1982 

[FP] M. Franz, V. Puppe, Exact cohomology sequences with integral coefficients for torus ac- 
tions. Transformation Groups 12 (2007), 65-76 

[Fu] W. Fulton, Introduction to toric varieties, Princeton Univ. Press, Princeton 1993. 

[GP] M. Goresky, R. MacPherson, On the topology of algebraic torus actions, pp. 73-90 in: 
Algebraic groups (Utrecht 1986), LNM 1271, Springer 1987 

[Ks] A. M. Kasprzyk, Toric Fano varieties and convex polytopes, PhD thesis, University of Bath 
2006, available at http://www.niath.uiib.ca/~kasprzyk/research/pdf/Thesis.pdf 

[KP] E. Katz, S. Payne, Piecewise polynomials, Minkowski weights, and localization on toric 
varieties, preprint arXiv:math/0703672 

[Kw] T. Kawasaki, Cohomology of twisted projective spaces and lens complexes. Math. Ann. 206 
(1973), 243-248 

[M] J. P. May (ed.), Equivariant Homotopy and Cohomology Theory, CBMS Regional 

Conf. Ser. Math. 91, AMS, Providence RI 1996 
[P] S. Payne, Equivariant Chow cohomology of toric varieties. Math. Res. Lett. 13 (2006), 

29-41 



THE EQUIVARIANT COHOMOLOGY OF WEIGHTED PROJECTIVE SPACE 



11 



Department of Mathematics, Rider University, Lawrenceville NJ, 08648, U.S.A. 
E-mail address: bahri@rider.edu 

Fac'iidereicii Mathematik, Universitat Konstanz, 78457 Konstanz, Germany 
E-mail address: matthias. franzSujf-grenoble.fr 

School of Mathematics, University of Manchester, Oxford Road, Manchester M13 9PL, 
England 

E-mail address: nigeamaths.maiichester.ac.uk 



